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This study applies information geometry of normal distribution to model Japanese vowels on the
basis of the first and second formants. The distribution of Kullback-Leibler (KL) divergence and its
decomposed components were investigated to reveal the statistical invariance in the vowel system.
The results suggest that although significant variability exists in individual KL divergence distribu-
tions, the population distribution tends to converge into a specific log-normal distribution. This
distribution can be considered as an invariant distribution for the standard-Japanese speaking
population. Furthermore, it was revealed that the mean and variance components of KL divergence
are linearly related in the population distribution. The significance of these invariant features is
discussed. © 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4919360]
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I. INTRODUCTION

The sound analysis of vowel systems has been mainly
focused on the time-series spectra, especially the parameters
called formant. The first and second formants are known to
give a distinctive feature to most vowels.'

Many linguists have investigated the difference or varia-
tion in vowel formants with respect to the speaker’s physio-
logical and social profiles such as their age, gender,
occupation, community, etc.”°

On the other hand, there have recently been studies on a
more universalist approach with the use of various phonetic
features in frequency space. The structural order of vowel
composition enables us to integrate the notions of language
as physical and cognitive systems, and some studies even
refer to the foundation of a language faculty from its struc-
tural invariance.””

In any case, the frequency space representing vowel for-
mants or cepstrum vectors is taken a priori as the only math-
ematical space in which to perform the analysis. However,
the coordinate transformation conserving the sufficient sta-
tistics can be considered as a change of the observation
method, and there is a particular kind of coordinate accessi-
ble to a strong statistical theory called information geome-
try.'® Information geometry treats geometrical structure of
probability distributions, based on the Fisher information
matrix as Riemannian metric and the dual-flat connection
that conforms to the nature of statistical theory. Information
geometry is applied in various domains and increasingly
showing its validity both in theory and application (for
example, Ref. 11). Although applications of information ge-
ometry exist in speech recognition, the physical law pre-
served in the entity of the vowel system has been little
investigated.'*"?

In this article, we apply an information geometrical for-
malization to the five Japanese vowels formants and analyze
them from a universalist point of view to find their invariant
characteristics.
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Il. MODELING OF VOWEL SYSTEM WITH
INFORMATION GEOMETRY

A. Sampling of vowel formants

The five conventional vowels of standard Japanese
(defined as /a/, /e/, /i/, /o/, and /u/ in the Hepburn system)
were recorded being pronounced with a monotonic accent
and analyzed with the use of Praat software.'* The first and
second formants of each vowel were extracted for 500 steps
with a 0.01s lapse and 0.025s window length for the short
time Fourier transform. The data were obtained from 26 male
and 29 female Japanese volunteers living in or around Tokyo,
ages ranging between 20 and 69 years, and whose parents are
all Japanese. The distributions of the five vowels in the first
and second formants space can each be approximated with
two-dimensional Gaussian distribution, as shown in Fig. 1.

Gaussian distribution belongs to the exponential family
on which basic results of information geometry is valid.
Representation of Gaussian distribution on the statistical
manifold with Fisher information metric can incorporate
both mean and variance parameters into the geometrical dis-
tance between distributions. For instance, a larger difference
of mean values leads to a longer distance between distribu-
tions, while a larger variance will result in less distance,
which represents the noise effect.'” This property can be
extended to the multi-variate Gaussian distribution in gen-
eral, and it is a geometrically desirable property to investi-
gate the discrepancy in vowel systems with information
theoretical measures.

B. Model description

Here, we derive the expression of a two-dimensional
Gaussian distribution as an exponential family with dual-
affine coordinates 0 = (0y,...,05) and n= (n,,...,7s)-
The Gaussian distribution p(x) with two-dimensional contin-
uous variables x = (xy, xz)T can be defined as follows:

1 1 To-1
p(x) ZM—meXP{—E(X—M) S (X—#)}7 (1
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FIG. 1. (Color online) Example of F1-F2 distribution of five Japanese vow-
els. Horizontal axis: first formant frequency. Vertical axis: second formant
frequency. Data of only one person is depicted.

where it = (g, i) is the mean value vector, and

s=lx- - = (0 72

021 022

is the variance-covariance matrix of the variable. The super-
script T means the transpose of vectors. Note that g1, = 073
always holds. We then need five different functions of the
parameters [, [y, 011,012 = 021, 022 as coordinates to spec-
ify a distribution.

We first have the expression of Eq. (1) as an exponential
family of distribution by the following variable and parame-
ter transformations:

5
p(x) =exp Y O:iFi(x) — W(0), )
i=1

where Fi(x) =x1, Fa(x) =x2, F3(x) =23, Fy(x)=x3,
Fs(x) = x1x2, 0y =A(—200p +20121), 6 =AQ201py
—20111,), 03 =Acxn, 0i=Ac, 0s=A(-2012), the
potential ¥(0) =log(2m\/|S]) —A (022183 — 201244, 1o + 011 13),
and A=—(1/2|S]).

We then define the new coordinate 1 = (1, ...,5) that
is dual to 8 = (0y,...,0s) and its corresponding potential
@(1) as follows:

n; = E[Fi(x)], 3)
5

O(n) = 0m; — P(0), )
i=1

which gives in accordance with the formant mean and var-
iance parameters

My =, N3 =011+ 4,
Ns =012 + o o)

m = My,
s = 00 + 15,
Hence 0 and n are dual affine coordinates. By introducing 6
and 7, the set of all p(x) forms a dual-flat space with respect

to the following Fisher information matrix (g;;), (g”) as the
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Riemannian metric, and the e- and m-connection coefficients

f /(,}k), r Sj;”, respectively,10
o 9
8ij = %%‘P(G), (6)
.0 0
8" =5-2-0(n), @
o, o, ()
o . o
i) = [jisk] — 5T (2= =1), (8)
where
. 1/0 0 0
[Jl7k] _E(a_elg/k +a_0jglk_a_0kglj)a (9)

0 0 0
Ty = E [%logm e () 8_01(10gp(x>} o)

Fisher information is invariant under any invertible
non-linear transformation of the variables. Therefore, using
Fisher information metric to define a statistical manifold
refers to the invariant structure that does not depend on the
way of observation. One can freely choose the observation
method as long as it conserves sufficient statistics. The defini-
tion of the dual affine connection F(.;l) is essential in infor-
mation geometry to define geodesics and the orthogonality
between dual affine coordinates 0 and 5. Although standard
Fisher distance is defined with Levi-Civita connection
(00 =0), significant connections in information geometry can
only be found with o« = *1 that conform to the flat projec-
tions on the dual coordinates.

C. Decomposition of Kullback-Leibler divergence
to the first- and the second-order statistics

According to the definition of the Riemannian metric,
information geometry provides the following theorem:

The coordinates 0, = (03,04, 05) are orthogonal to the
coordinates 1, = (11;,1,)-

Therefore, we can compose the mixed orthogonal coor-
dinates ( as

(= (ny;02) = (n1,12; 03,04, 05). (11)

Since all parameters p, [, 011,012 = 021,02 are
included in {, the mixed coordinates are sufficient to specify
a probability distribution.

We use the Kullback-Leibler (KL) divergence to mea-
sure the discrepancy between two vowels vy, vy € {/a/, /e/,
/i/,/o/,/u/}. By denoting the probability distribution of
the vowels vy, v, as p,, (x) and p,, (x), respectively, the KL
divergence D[p,, : py,] is defined as follows:

Dpy, : pr,] = ijvl (x)log 2: Eg dxidxs. (12)

The KL divergence between continuous distributions is
invariant under any continuous transformation of the param-
eters. Therefore, it is an invariant measure to quantify the
discrepancy that does not depend either on the way of
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observation or the function of perception, in case those
are assumed to be a continuous transformation in general.
In a different way, we can also calculate D[p,, : p,,]
with 0" = (0',...,05') as the O-coordinates of v, n"
= (1%, ...,n5") as the y-coordinates of v,, and their corre-
sponding potentials W' (0'), @ (n*2),
5
Dlpy, i pu] = = 070 +¥2(0%) + " (). (13)
i=1
Using the orthogonality between 0- and 5-coordinates,
we obtain the following decomposition of D[p,, : py,]:

D[pb‘l :pb“z] :DLDM :pvlvz]+D[pU102 5Puz]7 (14)
where p,.,, are given by (" = (n{';07) = (n}',n3'; 05,
0. 05).

Since the coordinates 65 include only the variance and
covariance parameters, the term D[p,, : py,,] represents the
discrepancy in the second-order statistics of p,, from p,,, fix-
ing the mean values u" as specified by p,,. Then, D[p,,,, :
Dy, represents the residual discrepancy purely in the mean
values. This means that we are able not only to evaluate the
discrepancy between the vowels but also to decompose its
dependence into different orders of statistics. An intuitive
explanation of this theorem is shown in Fig. 2 using one-
dimensional Gaussian distributions.

The unknown 7- and 0-coordinates of p,,,, can be derived
analytically from ("'*?. This means each term of Eq. (14) is
possible to calculate directly from the formants data, without
calling for a numerical method. The above theoretical formal-
ization plays an essential basis to assure the accuracy of calcu-
lation. Other numerical pitfalls exist in a zero parameter
problem, such as the case |S| = 0 in the denominator, which
was confirmed not to be the case with the used dataset.

For simplicity, we hereinafter call the logarithm of the
first term the variance component and the logarithm of the
second term the mean value component of KL divergence.

px)

%
g HUa Ub

FIG. 2. (Color online) Intuitive explanation of the Pythagorean theorem.
One-dimensional Gaussian distributions N(p, o) are taken as an example.
The KL divergence between N(u,,0,) and N(p,,0,) can be decomposed
into the mean and variance discrepancy elements: D[N (u,, 0,) : N(1, 03)]
= D|(14:0), : N(1ty, 0a)] + D[(1, 0a) : N1y, 05)]-
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We also define the logarithmic variance/mean component ra-
tio o as o =1ogD|py, : Puv,)/10g D|py,s, : pr,] for further
correlational analysis. Considering the perceptual difference
in these parameters, this decomposition can find phonetical
meaning to study the equilibrium of the vowel system (see
Sec. IIT). Hence, in KL divergence, the temporal fluctuation of
the formants are also taken into account, while in conventional
cepstrum analysis, for instance, the definition of distance
between vowels is instantaneous and does not consider time-
averaged higher-order statistics. In other words, the Euclidian
distance between cepstrum vectors is the distance between sto-
chastic variables, not between their probability distributions.

lll. RESULT AND DISCUSSION
A. Distribution of KL divergence between vowels

We calculated the KL divergence between each set of vow-
els for each person and obtained a histogram summing up the
sample population. This can be considered as the inter-
individual distribution of Japanese vowels. The log-normal dis-
tribution well fits both the male and female populations, as
shown in Figs. 3 and 4. The fitting of the histogram was per-
formed by estimating the mean value and the unbiased variance.

We also calculated the KL. divergence between each set
of vowels of one male and obtained a histogram. The calcula-
tion was performed from 50 samples of the same individual.
This can be considered as the intra-individual distribution of
Japanese vowels. The individual histogram also well follows
the log-normal distribution, as shown in Fig. 5.

Next, we consider the relationship between the popula-
tion and the individual distribution. Assuming that these dis-
tributions follow the log-normal distribution, the estimated
probability density of KL divergence is depicted in Fig. 6.

We first performed the F-test to reveal whether these
distributions significantly vary or not. The two-sided signifi-
cance level was set to a conventional value, 0.25. The results
are listed in Table I. The individual distribution has signifi-
cantly different variance from that of the male and female
population distributions. On the other hand, the male and
female population distributions do not significantly differ.
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FIG. 3. (Color online) Distribution of KL divergence between vowels in
population of 26 males. Horizontal axis: logarithm of KL divergence.
Vertical axis: probability density.
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FIG. 4. (Color online) Distribution of KL divergence between vowels in
population of 29 females. Horizontal axis: logarithm of KL divergence.
Vertical axis: probability density.
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FIG. 5. Distribution of KL divergence between vowels in 50 samples from 1
male (provisionally called individual B). Horizontal axis: logarithm of KL
divergence. Vertical axis: probability density.
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FIG. 6. (Color online) Estimated probability density function of KL diver-
gence between vowels. The estimation was performed by calculating the
mean value and the unbiased variance of each distribution. Horizontal axis:
logarithm of KL divergence. Vertical axis: probability density.
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TABLE 1. F-test between population and individual distribution of KL
divergence. The F-test is designed to test if two population variances are
equal. The F-values, their left and right critical values of the significance
level 0.25, and the truth value of the null hypothesis are listed for each com-
bination of the distributions. I, M, and F denote the individual B, the male
population, and the female population, respectively.

I'vsMand F IvsM IvsF MyvsF
F-Value 0.8935 0.8955 0.8357 0.9332
Left critical value 0.9312 0.9166 0.9192 0.9061
Right critical value 1.0736 1.0932 1.0896 1.1032
Null hypothesis False False False True

On the basis of the results of the F-test, we performed a #-
test to investigate whether the mean values of these distributions
significantly differ or not. The two-sided significance level was
set to 0.05. The results are listed in Table II. Again, the individ-
ual distribution has a mean value significantly different from
that of the male and female population distributions, while there
is no significant difference between males and females.

These results imply that the individual distributions
have statistically significant fluctuation. However, since the
population distribution is equivalent to the mixture of indi-
vidual distributions, the fact that the population statistics
converge to a particular distribution gives a collective limit
to the individual fluctuation. This relationship is not trivial
when considering the fact that the mixture of different nor-
mal distributions is not restricted to another normal distribu-
tion. Mathematically, it can even approximate any
continuous and differentiable function. The convergence of
population distribution is proof of a collective order in indi-
vidual variability. This reveals a hierarchical structure of the
KL divergence distributions between the individual and pop-
ulation. The individual distributions are distributed in ac-
cordance with the population distribution, and despite the
restrictions inside population statistics, each one is still able
to express its proper variation. Therefore, the population dis-
tribution can be considered as an invariant distribution for
the standard-Japanese speaking population.

The coincidence of male and female distributions
strongly supports the notion of invariance above the superfi-
cial phonetic variation. The gender difference is often stud-
ied to reveal distinctive features between the two
groups,'®?! though the converged distribution implies the
existence of mutual order regardless of gender profile.

Considering the acquisition process of vowel sounds,
this structure may reflect the learning process, because
the individual statistics are collectively bounded by the

TABLE 1I. #-Test between population and individual distribution of KL
divergence. Depending on the results of the F-test, the first three columns
are the results of the Welch’s #-test, while the last column is that of the stu-
dent’s t-test. The p-values and the truth value of the null hypothesis with
respect to the significance level 0.05 are listed for each combination of the
distributions. I, M, and F denote the individual B, the male population, and
the female population, respectively.

IvsMand F Ivs M IvsF MvsF
p-Value 3.0731 x 10717 1.9563 x 10°'% 2.6790 x 10~'% 0.8965
Null hypothesis False False False True
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population one. In this sense, the population distribution also
makes part of the structural invariance of the vowel system,
which links the individual perception to the collective defini-
tion of the Japanese vowel system.’

B. Relationship between the mean value component
and the variance component of KL divergence

It has been revealed that the perception of each vowel
largely depends on the first and second formant frequen-
cies.!? In this sense, the mean value of each vowel’s formant
is essential to recognize which vowel it is. In fact, the five
vowels in most of our experimental data form distinctive
clusters in F'1-F2 space (Fig. 7), as reported widely in vowel
systems (for example, Ref. 13).

On the other hand, the variances represent the fluctua-
tion range of the formants, and it gives an additional pho-
netic feature. The difference in the formants’ variances can
be recognized as a part of the differences in so-called voice
quality. Indeed, certain fluctuation of the formants is consid-
ered to relate to the naturalness of vowel sounds.* The fre-
quency variance is also associated with the naturalness of
tone timbre.> Furthermore, distributions of vowels in var-
iance parameter space show certain localization of each
vowel, which may give another distinctive feature (Fig. 8).

In our setting, the differences between vowel distribu-
tions depend on these parameters, the mean values and the
variance-covariance matrix, that encode qualitatively differ-
ent perceptual information. Since the KL divergence
between two vowels gives mathematical discrepancy
between the two distributions depending on the parameters
that affect our perception, it is natural to consider that it also
reflects our cognitive distinctiveness between these vowels.
The decomposition of the KL divergence into the mean
value and the variance component enables us to investigate
whether there exists a balance related to the distinctiveness
between them, when comparing two vowels.

The relationship between the mean value and the var-
iance/mean component ratio o are plotted with linear

3000
2500 o M/a/
o M/e/
2000 * Mi/
* M/o/
o MW/
1500 A Fla/
§ A Fle/
1000 FV
4 F/o/
A F/lu/
500
0 1 1 1 1 1

0 200 400 600 800 1000 1200
M1
FIG. 7. (Color online) Population distribution of five vowels’ F1 and F2

mean values. M and F denote male and female, respectively. Each vowel
forms cluster in its characteristic frequency region.
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FIG. 8. (Color online) Population distribution of five vowels’ F1 and F2
variances. M and F denote male and female, respectively. The top figure is
the distribution on /a1; — /02, plane. The bottom figure is the side view
of three-dimensional plot. /a/, /o/, and /u/ are localized in relatively low F2
variance region compared with F'1 variance, while /e/ and /i/ are in relatively
low F'1 variance region. The covariance axis does not seem to give a distinc-
tive feature among vowels.

regression in Fig. 9. The correlation coefficients between the
mean value component, the variance component, and o are
listed in Table III. In each distribution, the variance compo-
nent is correlated to the mean value component to a certain
extent. However, if we compare the mean component to o,
less correlation exists. Specifically, the sum of the male and
female population shows little correlation. This fact implies
that o is the invariant ratio between the mean value and the
variance component in population distribution. Indeed, o is
symmetrically distributed with a sharp peak and fits well
with normal distribution, as depicted in Fig. 10. The sharp
symmetric peak supports the invariance of o in population
distribution.

More precisely, the variance component consists of two
elements: one is linearly proportional to the mean value
component, and the other is not linear. The linear element is
canceled out when measuring the correlation with «. The
latter certainly exists in individual distribution as shown in
Fig. 11, though it is consistent in any distribution in which
the correlations between the mean component and o show
only weak correlation. Therefore, we deduce that the o is an
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FIG. 9. (Color online) Relationship between mean value component vs var-
iance/mean component ratio o of KL divergence between vowels in popula-
tions of 26 males and 29 females. Horizontal axis: mean value component.
Vertical axis: variance/mean component ratio o. The lines are the linear
regressions.

invariant feature in population distribution, while it accepts a
certain fluctuation in each individual that cancels each other
out at the population level.

C. Vowel combination-wise distribution of KL
divergence

We further investigate the content of log-normal distri-
bution between vowels by decomposing it into vowel
combination-wise distribution. Figures 12 and 13 show the
distribution of KL divergence for different combinations of
vowels. The combination-wise distributions also show the
tendency to fit log-normal distribution with various mean
and variance, but they contain certain fluctuation. This may
be due to the combinatorial decrease of the sample number
in combination-wise distribution, since the combination /a/-
/e/, for example, is only 1/20 of all possible combinations
between the five vowels. The fact that the fluctuation reduces
by taking larger combinations such as /a/-/e//i//o//u/ also sup-
ports this notion. The distribution between five vowels of the
same sample number order also show large fluctuation, as
shown in Fig. 14. Although more accurate forms of the vowel
combination-wise distributions can only be verified by aug-
menting the sample number, the circumstantial evidence sug-
gests a hierarchical structure between the individual and
combination-wise distributions similar to that of the population

TABLE III. Correlation coefficients between the logarithms of the mean
value component, the variance component, and the variance/mean compo-
nent ratio o of KL divergence. For simplicity, the components are referred
to as Mean, Variance, and o. The results of the population and individual
distributions are listed. I, M, and F denote the individual B, the male popula-
tion, and the female population, respectively.

M and F M F 1
Mean vs variance 0.3242 0.1050 0.4923 0.3986
Mean vs o 0.0444 —0.0890 0.1749 0.2365
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FIG. 10. (Color online) Distribution of variance/mean component ratio o in
populations of 26 males and 29 females. Horizontal axis: value of o.
Vertical axis: probability density.

and individual ones: The vowel combination-wise distributions
seem to follow different log-normal distributions, under global
constraints of the individual distribution.

D. The origin of log-normal distribution in vowel sys-
tem: Weber-Fechner law in  coordinates

We investigate the origin of the observed log-normal
distribution by analyzing the variation of vowels distribution
in 17 coordinates.

Independent multiplicative processes are known to con-
verge to a log-normal distribution®**® The distributions of
five vowels in 1 coordinates do not show correlation. If the
variance of each vowel in 7 coordinates is a multiplicative
noise, the KL divergence between any combination of five
vowels naturally converges to a log-normal distribution,
because its definition is based on the linear combination of #
coordinates [see Eq. (13)].

+ Individual B
4+ —y=0.0306"x-0.0728 | -
3+ 1
2r 1
1t * R

FIG. 11. Relationship between mean value component vs variance/mean
component ratio o of KL divergence between vowels for one male (provi-
sionally called individual B). Horizontal axis: mean value component.
Vertical axis: variance/mean component ratio o. The line is the linear
regression.
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FIG. 12. (Color online) Vowel combination-wise distribution of KL divergence of individual B. From left to right: distribution of /a/-/e/, /a/-/i/, /a/-/o/, [a/-/u/,
and /a/-/e/fi//of/u/.
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FIG. 13. (Color online) Vowel combination-wise distribution of KL divergence of males and females. From left to right: distribution of /a/-/e/, /a/-/i/, [a/-/o/,

/a/-/u/, and [a/-/e[fi//of/u/.
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FIG. 15. (Color online) Distribution of five Japanese vowels in the 17, — 7, plane. Left: Male and female. Right: Individual B.
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FIG. 16. (Color online) Mean vs additive variance of five Japanese vowel distributions in # coordinates. Left: Male and female. Right: Individual B. The pro-

portional increase of the additive variance implies multiplicative noise.

Figure 15 shows the distributions of five vowels pro-
jected in the 1, — 1, plane. To verify the existence of multi-
plicative noise, we calculate the following two kinds of
variances. The first is the simple variance of each vowel in 5
coordinates, namely, the additive variance. The second is
also the variance of each vowel in 5 coordinates, but divided
by their mean value, namely, the multiplicative variance. If
the variance of the vowels is multiplicative, the additive var-
iance increases proportionally with respect to the mean value
in n coordinates, while the multiplicative variance remains
constant.

Figures 16 and 17 show the results that support the exis-
tence of multiplicative variation. The multiplicative tend-
ency exists both in population and individual distributions in
all dimensions of 5 coordinates. Therefore, the distribution
on 7 coordinates implies that the origin of the observed log-
normal distributions is grounded to its multiplicative varia-
tion. Note that the #; and 7, coordinates correspond to F1
and F2 values, respectively.

The multiplicative variation in frequency space has a
perceptual meaning known as Weber-Fechner law: For notes
spaced equally apart to the human ear, the frequencies are
related by a multiplicative factor. Humans hear pitch in a
logarithmic or geometric ratio-based fashion. For this reason,
musical scales are always based on geometric relationships.
In the case of the vowel system, this relationship would sup-
port the distinctiveness of each vowel. The observed log-
normal distribution can be considered as the result of
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repulsive localization of each vowel according to the con-
stant perceptual distance between them.

The multiplicative factor is also interesting when we
assume a constant degree of accuracy in voice control. If the
control precision of vocal tract is constant, the vocalization
is naturally associated with multiplicative noise with respect
to the produced frequency.

E. Relationship to ecological linguistics: Invariants
of Gibson expanded

We started the analysis from the universalist point of
view, seeking the common structure of the vowel system that
would support our perception of harmonized resonance in
human language. In visual perception, Gibson insisted that ge-
ometrical invariants in optical flow are the foundation of per-
ceptual significance.”* The observed invariant relationships
clearly relate to the principle of Gibson’s invariants, but out-
reach simple pictures such as formants localization'® and
invariant quantity under affine transformation.” The observed
invariance has a hierarchical structure between individuals
and the population, different orders of statistics, and possibly
the single pair and the whole combination of the vowels. One
way to explain such a complex structure was introduced in ref-
erence to the Weber-Fechner law, but the convergence of the
population distribution and the relationship between different
orders of statistics remain untouched. These relationships may
become a phonetic expansion of Gibson’s invariants, which
reflect the complexity of phonetic perception deeply linked to
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FIG. 17. (Color online) Mean vs multiplicative variance of five Japanese vowel distributions in # coordinates. Left: Male and female. Right: Individual B. The

invariance of the multiplicative variance implies multiplicative noise.
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our language faculty. A parallel study on the acquisition of the
vowel system in children would be necessary to clarify the de-
velopment of these features.' "

It is of further interest how such invariance affects our
perception of vowels, especially when they are perturbed. A
synthetic approach to the vowel system controlling the dis-
covered invariant relationships would be fruitful to further
address these questions.

IV. CONCLUSION

We investigated the distributions of KL divergence
between five Japanese vowels and insisted that the popula-
tion log-normal distribution and the variance/mean compo-
nent ratio o are invariant features. The hierarchical
relationship between the population distribution, individual
distribution, and vowel combination-wise distributions are
also investigated. The origin of log-normal distribution is
shown to be based on the multiplicative variation in formant
frequency.

It is of further interest whether such invariance can also
be observed in other vowel systems or by simply increasing
the heterogeneity of the linguistic profile in a sample
Japanese population. As well as statistical invariance, the ge-
ometrical composition of each vowel in the dual coordinate
space remains to be analyzed. Information geometry already
provides strong theoretical and numerical framework to
analyze geometric composition related to the invariance of
distributions such as centroids, which is compatible to multi-
variate Gaussian distribution.”> Further developmental and
multilingual comparative studies will be needed to relate the
discovered invariance of vowel system to our cognitive
mechanism.
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